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Inspired by recent measurements of the velocity and acceleration statistics of Lagrangian tracer
particles embedded in a turbulent quantum liquid we propose a new superstatistical model for
the dynamics of tracer particles in quantum turbulence. Our model consists of random sequences
S/N/S/... where the particle spends some time in the superfluid (S) and some time in the normal
liquid (N). This model leads to a superposition of power law distributions generated in the superfluid
and Gaussian distributions in the normal liquid, in excellent agreement with experimental measure-
ments. We include memory effects into our analysis and present analytic predictions for probability
densities and correlation functions.
The statistics of tracer particles embedded in a tur-
bulent quantum liquid is an interesting area of current
turbulence research [1]–[21]. Measurements of Paoletti
et al. [1] have shown that the measured velocity distri-
butions asymptotically exhibit a power law with expo-
nent approximately given by −3. This is in contrast to
classical fully developed turbulence, where velocities are
approximately Gaussian (but velocity differences and ac-
celerations are strongly non-Gaussian [22]–[29]). Recent
measurements of La Mantia and Skrbek [2] have illus-
trated that depending on the spatial scale probed there
can be a mixture of quantum and classical features in the
distributions. The measured velocity distributions in [2]
again exhibit asymptotic power laws with exponent −3,
but superimposed to that appears a Gaussian core for
low velocities. In [3], for the first time, also histograms
of measured accelerations for particles embedded in tur-
bulent quantum flow were presented, which appear to
be of similar shape as those of accelerations in classi-
cal Lagrangian turbulence [22]. Numerical simulations of
the velocity statistics based on the Gross-Pitaevskii equa-
tion have been performed in [4], also providing evidence
for power-law tails. A simple model for the dynamics
of test particles based on χ2-superstatistics (a method
of nonequilibrium statistical mechanics [30–34]) was pro-
posed in [5]. This model predicts power law tails with ex-
ponent −3, and in addition yields further information on
the shape of the probability density near the maximum.
Effectively it leads to so-called q-Gaussian distributions
[35–37] with entropic exponent q = 5/3.
In this paper we introduce a rather general but power-
ful stochastic model for the dynamics of a test particle in
a turbulent quantum liquid, which, contrary to previous
work, takes into account that there is a mixture of super-
fluid and normal liquid. Consequently, this new model is
based on a mixture of two different statistics: One is re-
lated to the particle movement in the superfluid (S), lead-
ing to power law distributions, and one is based on the
movement in the normal liquid (N), leading to a super-
imposed Gaussian. For a given test particle both phases
alternate in a random sequence S/N/S/... If we attribute
to each symbol a fixed time scale, then repetitions of the
same symbol occur as well, e.g. SSNSNNNSS....From
a statistical mechanics point of view our model has the
form of a superstatistical stochastic differential equation
[26, 29, 37] combined with a symbolic dynamics [38, 39].
From a condensed matter physics point of view the model
has some analogy with regarding the quantum liquid
as a spatial random collection of infinitely many S/N/S
Josephson junctions [40, 41]. The symbol sequences gen-
erated by the test particle that moves through the quan-
tum liquid have the ability to encode complex memory
effects in the dynamics generated by the quantum turbu-
lent flow.
We present results for the probability distributions
generated by this model and compare with recent ex-
perimental data presented in [2, 3]. Excellent agreement
is found. The model is simple enough to allow for an-
alytical calculations of temporal correlation functions,
and we present some results for the case of a general-
ized dynamics that also contains a memory kernel. So
far Lagrangian correlation functions have not been mea-
sured experimentally in quantum turbulent flow, but fu-
ture measurements in this direction would be very useful.
If more experimental measurements on correlation func-
tions were available this could help to further narrow
down the most suitable class of stochastic models, and
to better understand the symbolic dynamics generated
by quantum turbulent flow.
Consider a tracer particle embedded in a quan-
tum liquid that consists of a mixture of superfluid
(S) and normal liquid (N). Consider a sequence (e.g.
SNSNNSSSSN.....) where the local dynamics of the par-
ticle is different depending whether it is surrounded by
liquid in phase S or N. In phase S we consider a super-
statistical local dynamics [5, 37] where the velocity v of
the tracer particle satisfies
v˙ = −γ(t)v + ω[e(t)× v]+ σ(t)L(t) (1)
Here L(t) is vector-valued Gaussian white noise. We as-
sume that the effective damping constant γ and the noise
strength σ are functions of t, and so is ω and the direc-
tion of the unit vector e, which is uniformly distributed.
The second term on the right hand side of eq.(2) rep-
resent the rotational movement of the particle around
the nearest vortex filament in direction e. The unit vec-
ar
X
iv
:1
40
8.
21
26
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  9
 A
ug
 20
14
2tor e and the noise strength σ evolve stochastically on
a large time scale Te and Tσ respectively: In the su-
perstatistics approach, one consider the parameters of a
local stochastic differential equation to be random vari-
ables [37]. That is, the parameters in eq. (1) can take
on very different values during time evolution. A very
small γ corresponds to nearly undamped motion for a
limited amount of time. A very small ω corresponds to
almost no rotation, i.e. straight movement for a limited
amount of time. All these cases are included as possible
local dynamics and averaged over in the superstatistical
approach. Due to the integration over probability densi-
ties in γ, ω, σ, eq. (1) yields non-Gaussian behavior rep-
resented by some non-Gaussian density function pS(v)
(see later sections for concrete calculations).
Contrary to that, if the particle is surrounded by nor-
mal liquid (phase N), then we assume the dynamics is
described by an ordinary Langevin equation with con-
stant parameters γ0 and σ0, leading to standard type of
Gaussian behavior, as expected for the velocity of a test
particle in classical liquids:
v˙ = −γ0v + ω
[
e(t)× v]+ σ0L(t) (2)
This simple linear equation just yields Gaussian be-
haviour with inverse variance parameter β0 = 2γ0/σ
2
0
during phase N. If the variance is rescaled to 1, meaning
we consider the velocity in units of its variance, then the
stationary probability density in this case is simply
pN (v) =
1√
2pi
e−
1
2 v
2
. (3)
In our model we assume that both phases are relevant
and for a given tracer particle occur in random (but not
necessarily uncorrelated) sequences. Each tracer particle
in the quantum liquid produces a temporal sequence of
symbols S and N, which, depending on parameters of the
quantum turbulent flow environment, the size of the test
particle, and the time scales involved, will have different
stochastic properties.
The simplest case is just statistically independent ran-
dom sequences of symbols S an N. The probability den-
sity p(v) of velocity of the tracer particle is then given in
the mixed form
p(v) = wSpS(v) + wNpN (v) (4)
where wS and wN describe the probability of the symbol
S, respectively N , to occur (ws + wN = 1). In other
words, the relative duration of the two different phases
is relevant. The probabilities wS and wN will depend
on external parameters of the quantum liquid, as well
as on the spatial and temporal scale on which the mea-
surements are done. If the spatial scale probed by the
test particle is larger than the average distance of vortex
filaments, then we expect wN ≈ 1 to dominate, leading
basically just to Gaussian behaviour. Nontrivial quan-
tum turbulence properties are probed by very small test
particles at very low temperature, leading to wS ≈ 1.
The assumption of independent random sequences of
symbols will usually be too simple for a quantum liquid.
For example, if the particle is trapped near a vortex core,
then long-lasting sequences SSSSS... will occur, similar
as the laminar phase for intermittent chaotic maps near
a tangent bifurcation [38]. We propose to condition the
probabilities wS and wN on the actual velocity of the
test particle observed. This means we may consider con-
ditioned probabilities wS |v and wN |v, conditioned on a
given observation of the velocity v, in the sense that given
a large observed velocity v, wS |v is close to 1, and in case
a small velocity v is observed, wN |v conditioned on that
velocity is close to 1. This is plausible, because given a
large velocity v it is very likely that this happened during
a phase where the particle was being embedded by the
superfluid and close to a vortex filament with rapid rota-
tion. In this latter model, which has strong correlations
between the observed value of v and the quantities wS
and wN conditioned on the observed velocity, the prob-
ability density is given in good approximation by
p(v) =
{
pN (v) |v| ≤ vc
pS(v) |v| > vc, (5)
because large velocities are almost sure to occur in phase
S, and hence above a given threshold are distributed ac-
cording to the tails given by pS(v). vc is a critical ve-
locity, whose value depends on the relative occurrence
probabilities wN and wS : The larger wS , the smaller vc.
For wS → 1, vc → 0. For wN → 1, vc →∞.
Let us now work out more details on pS(v) in phase S.
As in the experiments, we restrict ourselves to the statis-
tics pS(vi) of a single component vi. For ease of notation,
we suppress the index i in the following. We essentially
follow the approach of [5]. Far away from a vortex fila-
ment, the typical velocity will behave as in classical tur-
bulence, whereas close to a vortex filament the movement
will be very rapid and almost friction free, as superfluids
imply due to quantum mechanical constraints v ∼ 1/r,
where r is the distance of the particle to the nearest vor-
tex core. Following the same argument as in in ref. [5],
we consider an effective friction dependent on the dis-
tance to the nearest vortex filament. One obtains for a
χ2-distributed effective friction γ(t) of n degrees of free-
dom (and under the assumption of a uniform distribution
of rotation axis vectors ~e)
pS(v) =
Γ(n2 +
1
2 )
Γ(n2 )
(
β0
pin
) 1
2 1(
1 + β0n v
2
)n
2+
1
2
. (6)
The typical velocity of the tracer particle in the S phase
depends on the perpendicular distance between the par-
ticle and the nearest evolving (and sometimes merging)
vortex filament. Therefore, the relevant degrees of free-
dom are n = 2 for 3-dimensional quantum turbulence,
since the distance to a 1-dimensional vortex line has two
components. In experiments there is often a drift veloc-
ity in the system that gives a non-zero mean velocity c
3to the test particle. In this case one has to replace v by
v − c in Eq.(6) and (3), and for n = 2 one ends up with
pS(v) =
√
β0
(2 + β0(v − c)2)
3
2
(7)
Clearly, for large v this implies power-law tails
pS(v) ∝ v−3. (8)
For the above distribution pS , the variance does not exist,
so in practice one introduces a cutoff vmax, so that the
variance is well-defined [5]. This cutoff is also physically
motivated, one typically observes in experiments values
of the velocity up to about 15 standard deviations [2].
Let us now compare our model predictions with
recent experimental measurements performed by La
Mantia et al. [2, 3]. The experimental data obtained
in [3] are to a certain extent different from previous
seminal measurements published by Paoletti et al.
in [1] due to the fact that the investigated flows are
different. La Mantia et al. conducted their experiment
on steady-state thermal counterflow, while in [1] it was
mainly decaying thermal counterflow. Moreover, the
used techniques in both experiments were different,
for example, different tracer particles were employed
and the probed heat flux range was also not the same.
Therefore, one expects similar results for the measured
p(v) rather than exactly the same results. Our model
can describe the experimental data obtained by both
groups, assuming that for the experiment [1] wN ≈ 0 (see
[5] for a fit) whereas for the measurements in [2, 3] larger
values of wN are relevant, depending on the scale probed.
The PDFs of velocities of tracer particles measured
in [2, 3] have power law tails but superimposed there
is also a near-Gaussian distribution in the central part.
These measurements agree well with the prediction of
our S/N/S model with strongly conditioned wS |v and
wN |v, leading to formula (5). An excellent agreement is
obtained, as shown in Fig.1. The critical velocity vc (in
units of the standard deviation) is about vc ≈ 4, whereas
for the data of Paoletti et al. [1] it is close to zero (see
fit in Fig. 1 in [5]), meaning that in those measurements
the particle is much more frequently in the S-phase.
Let us now move on from Lagrangian velocities to La-
grangian accelerations. La Mantia et al. [3] also mea-
sured the probability density function of vertical particle
accelerations in the quantum turbulent flow, see also [42]
for a recent update. They report that the tails of the
density function become more pronounced as the tem-
perature decreases and as the heat flux of the thermal
counterflow increases. Again we expect an interplay be-
tween a different statistics for the normal phase N and the
superfluid phase S of the embedded test particle. How-
ever, for the acceleration statistics the normal phase N
will play a more important role than the phase S since
the frictionless superfluid does not exhibit strong forces
on the test particle. The cascade of energy dissipation is
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FIG. 1: Experimental data of La Mantia et al. [3] and a fit
using eq. (7), (5) and (3) with β0 = 4.5 and c = 0.3 for the
tail part (blue solid line), as well as a Gaussian with mean 0.3
and variance 1 for the central part.
also similar in quantum turbulence as compared to classi-
cal turbulence [20], so that the acceleration environment
of a Lagrangian test particle is quite similar to the case
of classical turbulence, at least on scales of the same or-
der of magnitude as the average distance between quan-
tized vortices. Hence, we basically expect a similar ac-
celeration statistics in the quantum turbulent flow as for
classical Lagrangian turbulence since quantum effects on
the acceleration are small. For the acceleration statistics
we may thus essentially consider superstatistical models
than have been successfully applied before to reproduce
acceleration statistics in classical turbulent flow, such as
[29]. These are based on lognormal superstatistics [31].
The prediction of these types of models is that the PDF
of acceleration components is given by
p(a) =
1
2pis
∫ ∞
0
β−1/2exp
−
(
log βb
)2
2s2
e− 12β(a−c)2dβ
(9)
The above probability density function given by Eq. (9)
is in excellent agreement with the experimental measure-
ments of La Mantia et al. [3], as shown in Fig. 2.
For a more detailed understanding it is important to
measure not only histograms of velocities and accelera-
tions, but also 2-point and higher correlation functions.
Depending on time scale, and the spatial scale probed
by the test particles, as well as the temperature of the
quantum liquid, the symbol sequences SNSSS... will
have memory effects, as mentioned before. Under sim-
ple model assumptions our approach allows us to calcu-
late the two-point correlation function analytically. First,
let us slightly generalize eq. (1) by introducing a mem-
ory kernel. This allows for non-Markovian effects in the
quantum liquid, represented by memory effects in the
symbol sequences. The more general local dynamics in-
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FIG. 2: Experimental measurements of histograms of accel-
erations (in units of the standard deviation) obtained by La
Mantia et al. [3], and the Lognormal Superstatistics distribu-
tion given by Eq.(9) with s2 = 2.2, b = e
1
2
s2 , c = 0.12.
cluding memory reads
v˙ = −γv+α
∫ t
−∞
dt′e−η(t−t
′)v+ω
[
e(t)× v]+ σ(t)L(t).
(10)
Taking η → ∞ in Eq. (10), one can obtain the previous
local dynamics without memory kernel. Equivalently,
the same dynamics can be obtained by putting α = 0.
The dynamics described by Eq. (10) without rota-
tional term has been studied by Van der Straeten et
al [43] and it was found to be very useful to repro-
duce experimental data of turbulent Taylor-Couette flow.
For simplicity, let us first consider the direction of ro-
tation to be represented by e = (0, 0, 1). Then Eq. (10)
reduces to
v˙x = −γvx − ωvy + α
∫ t
−∞
dt′e−η(t−t
′)vx(t
′) + σLx(t)
v˙y = −γvy + ωvx + α
∫ t
−∞
dt′e−η(t−t
′)vy(t
′) + σLy(t)
v˙z = −γvz + α
∫ t
−∞
dt′e−η(t−t
′)vz(t
′) + σLz(t)
(11)
Introducing a complex variable by defining u(t) = vx(t)+
ivy(t) and g(t) = Lx(t) + iLy(t), the first two equations
of Eq. (11) can be written as
du
dt
= −(γ − iω)u+ α
∫ t
−∞
dt′e−η(t−t
′)u(t′) + σg(t)
(12)
To ease our calculations we introduce another variable
by defining Y = α
∫ t
−∞ dt
′e−η(t−t
′)u(t′) and then rewrite
Eq. (12) as a two-dimensional system of differential equa-
tions as follows
u˙ =− (γ − iω)u+ Y + σg(t)
Y˙ =− ηY + αu(t) (13)
This form of the equations is helpful to perform numerical
simulation as well as to calculate the stationary distribu-
tion of the system.
In two-dimensional classical turbulent point vortex dy-
namics correlation behaviour that is well fitted by a sum
of two exponentials has been observed (Fig. 4 in [44]).
Correlation functions in three-dimensional quantum tur-
bulence are constrained by the quantization condition
and expected to be of similar complexity as in the two-
dimensional point vortex case. One may thus conjecture
that similar shapes of correlation functions are relevant.
This we will derive now.
Using Fourier transformations in Eq. (13), we obtain
〈u∗(t)u(0)〉 =∮
σ2(η2 + z2) dzeizt
pi [(γ − iω − iz)(η − iz)− α] [(γ + iω + iz)(η + iz)− α]
(14)
Here, u∗(t) is the complex conjugate of u(t). As a
special case for α = 0 and ω = 0 one can easily obtain
the correlation function Cv(t) = 〈vx(t + τ)vx(t)〉 from
Eq. (14) as Cv(t) =
σ2
2γ e
−γt. Similarly for α = 0 one
obtains Cv(t) =
σ2
2γ e
−γt cos(ωt).
For non zero α and ω a longer calculation to evaluate
the integral given by Eq. (14) yields the following form
of the correlation function:
Cv(t) =
σ2e−Dt
2
√RQD
[
Π cos (Ct− θ) + Υ sin (Ct− θ)
]
+
σ2 e−D
′t
2
√RQD′
[
Π′ cos (C ′t− θ)−Υ′ sin (C ′t− θ)
]
(15)
5Here the parameters are given as follows:
R =
[[
ω2 − (γ − η)2 − 4α]2 + 4ω2(γ − η)2]1/2
θ =
1
2
tan−1
[
2ω(γ − η)
ω2 − (γ − η)2 − 4α
]
C =
1
2
[
ω +
√
R cos(θ)
]
D =
1
2
[
γ + η +
√
R sin(θ)
]
C ′ =
1
2
[
ω −
√
R cos(θ)
]
D′ =
1
2
[
γ + η −
√
R sin(θ)
]
Q = (γ + η)2 +R cos2(θ)
Φ = η2 + C2 −D2
Φ′ = η2 + C ′2 −D′2
Π = Φ
√
R cos(θ) + 2CD(γ + η)
Π′ = Φ′
√
R cos(θ)− 2C ′D′(γ + η)
Υ = Φ(γ + η)− 2CD
√
R cos(θ)
Υ′ = Φ′(γ + η) + 2C ′D′
√
R cos(θ)
The numerically simulated correlation function from
the Langevin dynamics for non-zero parameters ω, γ, σ
and η and the analytic result (15) are plotted in Figs. 3
and 4. As expected the results are in good agreement.
Similar shapes of autocorrelation functions of velocity
components are observed in atmospheric turbulence [44–
46]. Our results for the shape of correlation functions
remain valid if σ(t) fluctuates in a superstatistical way,
in this case σ2 is simply replaced by its average 〈σ2〉.
Similarly, if different dynamical parameters are assumed
in the S- and N-phases, one can average the correlation
function over these. It would be very interesting to check
in future Lagrangian quantum turbulence measurements
whether shapes of correlation functions similar to those
predicted in Fig. 3 and 4 are observed.
To summarize, in this paper we have constructed a
model for the dynamics of tracer particles in quantum
turbulent flow, based on a mixture of contributions from
the superfluid (S) and the normal fluid (N). We dis-
cussed the symbolic dynamics generated by the symbol
sequences consisting of S and N. We showed that the
model generates velocity statistics of the tracer particle
that obeys a power law p(v) ∝ v−3 for large v, together
with a Gaussian core in the central region. The rela-
tive contribution of both densities is determined by the
statistics of the symbols S and N. When the velocity is
small the particle is more likely to be driven by the nor-
mal fluid. For very large velocities it is much more likely
to be surrounded by superfluid and to be, in fact, close
to a vortex core. Our analytic results are in very good
agreement with recent experimental data [1–3]. We also
showed that the acceleration statistics is well fitted by
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FIG. 3: Correlation function of a single velocity component
as predicted by the generalized dynamics given in Eq. (15) for
γ = 0.1, σ = 1.0, ω = 0.3 and α = 0.0 . Red (data points) and
green (solid lines) colours represent analytical and numerical
results respectively.
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FIG. 4: Same as Fig. 3 but with memory effect, γ = 0.1,
σ = 1.0, ω = 0.5 and α = −0.05
lognormal superstatistics, in a similar way as observed
for classical Lagrangian turbulence [22, 29].
To better understand memory effects in the symbolic dy-
namics, we extended our model by introducing a memory
kernel so that the two-point correlation function of the
velocity component can capture more complicated dy-
namics. We presented analytic results for the correlation
function. The general correlation function was shown
to decay as a sum of two exponentials with oscillatory
behaviour. Future experimental measurements of corre-
lation functions of tracer particles could help to single
out the optimum class of stochastic models, and to bet-
ter understand the properties of the symbolic dynamics
of quantum turbulent flow as a function of the external
control parameters.
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